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We construct a degenerate kernel such that Hammerstein operator has exactly three positive 

fixed points. 

Let 𝜑1(𝑢), 𝜑2(𝑢) and 𝜓1(𝑡), 𝜓2(𝑡) be positive functions from from 𝐶0
+

[0, 1] := 

{𝑓 ∈ 𝐶[0, 1 ∶ 𝑓(𝑥) ≥ 0]}  ∖ {𝑓(𝑥) ≠ 𝜃}. We consider special type of Hammerstein operator H 

with degenerate kernel (see [1]): 

(𝐻𝑓 )(𝑡) = ∫ (𝜑1(𝑢)𝜓1(𝑡) + 𝜑2(𝑢)𝜓2(𝑡))𝑓
2(𝑢)𝑑𝑢

1

0
. 

We consider symmetrical matrix 2 × 2  A = (𝑎𝑖𝑗)𝑖,𝑗=1,2 and B = (𝑏𝑖𝑗)𝑖,𝑗=1,2 with (strictly) 

positive elements. For matrix A and B we define quadratic  

operator (QO) Q in cone of the space 𝑅2 by the rule: 

 

Q(x, y) = (𝛼11𝑥
2 + 2𝛼12𝑥𝑦 + 𝛼22𝑦

2 ,   𝛽11𝑥
2 + 2𝛽12𝑥𝑦 + 𝛽22𝑦

2). 

Denote  

 𝛼11 = ∫ 𝜓1(𝑡)𝜑1
2(𝑢)𝑑𝑢 > 0,           𝛼12 = ∫ 𝜓1(𝑡)𝜑1(𝑢)𝜑2(𝑢)𝑑𝑢 > 0,

1

0

1

0
 

𝛼22 = ∫ 𝜓1(𝑡)𝜑2
2(𝑢)

1

0
du > 0; 

𝛽11 = ∫ 𝜓2(𝑡)𝜑1
2(𝑢)𝑑𝑢 > 0,           𝛽12 = ∫ 𝜓2(𝑡)𝜑1(𝑢)𝜑2(𝑢)𝑑𝑢 > 0,

1

0

1

0
 

𝛽22 = ∫ 𝜓2(𝑡)𝜑2
2(𝑢)

1

0
du > 0. 

Clearly, an arbitrary nontrivial positive fixed points of the QO Q is strictly positive (see [2]). 
     Lemma [𝟑]. Following statements hold: 

(1)  If the point ω = (x0,y0) is a strictly  fixed point of QO Q, then  ξ0 = 
y0

x0
 is a root of the cubic 

algebraic equation 

α22ξ
3 + (2α12 − β22)ξ

2 + (α11 − 2β12)ξ − β11 = 0. 

(2)  If the point ω = (x0,y0) ∈ R2
+is a fixed point of QO Q, then ω ∈ R2

> and ξ0 = 
y0

x0
 is a root 

of the cubic algebraic equation 

𝛼22𝜉
3 + (2𝛼12 − 𝛽22)𝜉

2 + (𝛼11 − 2𝛽12)𝜉 − 𝛽11 = 0. 

We define two continuous positive functions 𝜑1(𝑢) and 𝜑2(𝑢) on [0, 1] 

 

𝜑1(𝑢) = 

{
 
 

 
 𝑢 +

1

16
 ,    𝑖𝑓 𝑢 ∈ [0,

1

4
]

9

16
− 𝑢 ,     𝑖𝑓 𝑢 ∈ [

1

4
,
1

2
]

1

16
 ,            𝑖𝑓 𝑢 ∈ [

1

2
, 1]
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and 

𝜑2(𝑢)=

{
 
 

 
 
1

16
 ,           𝑖𝑓 𝑢 ∈ [0,

1

2
]

𝑢 −
7

16
 ,   𝑖𝑓 𝑢 ∈ [

1

2
,
3

4
]

17

16
− 𝑢 ,   𝑖𝑓 𝑢 ∈ [

3

4
, 1]

 

 

We define two continuous positive functions 𝜓1(𝑡) and 𝜓2(𝑡) on [0, 1]: 

 

𝜓1(𝑡) = {
260 − 512𝑡, 𝑖𝑓  𝑡 ∈  [0,

1

2
] ,

4,          𝑖𝑓  𝑡 ∈  [
1

2
, 1] .

 

𝜓2(𝑡) = {
4 , 𝑖𝑓 𝑡 ∈ [0,

1

2
]

  512𝑢 − 252,    𝑖𝑓 𝑡 ∈ [
1

2
, 1]

 

Denote  

𝐾(𝑡, 𝑢)=  φ1(𝑢)ψ1(𝑡) + φ2(𝑢)ψ2(𝑡),  𝑡, 𝑢 ∈ [0, 1]. 

 

Theorem. Let 𝑎, 𝑏 ∈  𝑅+. Then there exist exactly three positive fixed points of the 

operator 𝐻2 with the kernel 𝐾 (𝑡, 𝑢).  
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